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  Abstract 
Time evolution of pertinent operators in the Rabi Hamiltonian and its rotating wave 
approximation (RWA) version, the Jaynes-Cummings model (JCM), in the Heisenberg 
picture, gives systems of nonlinear differential equations (NDEs). Considering well 
localized atom, the mean field theory (MFT) was applied to replace the operators by 
equivalent expectation values. The Rabi model was reduced to a fourth orders NDE 
describing atoms position. Solution by the harmonic balance method (HBM) showed good 
accuracy and consistency to the numerical results, which introduces it as a useful tool in the 
quantum dynamics studies. The NDEs describing the JCM in the Heisenberg picture 
structurally prevent applying the MFT and shows inconsistency to the Ehrenfest’s theorem, 
contrary to the Rabi model.  
 Keywords: Rabi model; Heisenberg equation; Rotating wave approximation; Mean field 
theory, Fourth order nonlinear differential equations; Harmonic balance method. 
 
1. Introduction 
Interaction of a two level atom by a radiation field 
was introduced by I. I. Rabi [1] in 1937. Applying the 
RWA [2, 3] to the Rabi model, i.e. discarding the 
counter rotating terms [4], results in the JCM [5]. The 
JCM as the RWA version [6] of the Rabi model is of 
great interest in the quantum information theory [7-
9], and has applied widely in the theory of laser 
cooling and trapped ion dynamics [10-16]. Also, the 
Rabi model has many important applications in the 
quantum batteries [17], trapped ions [18], quantum 
coherent heat engine [19], cavity cooling [20], 
quantum dots [21] and superfluid Bose-Einstein 
condensate [22].  
Whilst the RWA has been considered as a utility to 
provide simple framework for theoretical study of the 
atom-photon interaction in different systems, it tends 
to wrong results in a variety of situations. For 
instance applying adiabatic elimination after the 
RWA will eliminates some necessary terms in the 
two-photon-atom coupling [23]. It was also revealed 
that applying the RWA in the atom-cavity system in 
the absence of external driving, relates to the entropy 
operator and generates irreversible time evolution, as 
for the coupled resonator [24]. The output 
fundamental field component of a two level atom in a 
ring cavity beyond the RWA resulted in the closed 
loop and usual bistability [25]. It was also shown that 
the equation of motion derived by the Hamiltonian 
under the RWA is inconsistent with the Ehrenfest 
theorem [26]. According to another report, the RWA 
is invalid in the strict weak interaction and so it 
doesn’t gives valid low temperature dynamics [27]. 
In the coherent control of a driven three level system, 
counter rotating terms have great influence on the 
evolution of atomic population and spontaneous 
emission spectrum [28].  
The Rabi model has been solved by different 
methods [29-31] and its full eigenvalues spectrum 
obtained [32]. The model has also been considered 
from the integrability viewpoints [33-36]. In this 
paper the time evolutions of the operators contributed 
in the Rabi Hamiltonian will be calculated in the 
Heisenberg picture. The operators will be replaced by 
their expectation values using the MFT [37] for a 
well localized atom to reduce the system of NDEs to 
a higher order NDE that will be solved by the HBM 
[38]. The error analysis of the solution will be given 
for different orders of the HBM in addition to 
comparing to the numerical results for typical 
parameter values. At last effects of the RWA will be 
considered.  
The paper is structured as follows. In the next 
section, the Rabi and JCM Hamiltonians are briefly 
introduced and their time evolutions of the 
constituent operators are calculated. The resulted 
system of NDEs for the Rabi model is solved in the 
section 3. The numerical and error considerations for 
the Rabi model and the effects of the RWA are also 
given in this section. The section 4 devotes to a 
discussion about the results and their relations to the 
multiparticle versions of the models, namely the 
Dicke and Tavis-Cummings models. A summary of 
the conclusions are given in the last section.    
2. Model and Time Evolution 
The Rabi model was proposed to describe the 
interaction of the classical magnetic field with the 
nucleus spin. From an abstract viewpoint, this model 
describes the interaction of one mode of a field with 
a two-state system, for instance a single mode of 
electric field interacting with a two level atom. Fully 
quantized version of this model is given by  
H෡ୖ =
ℏഘ
మ
σෝ୸ + ℏߥaොறaො + ℏλσෝ୶൫aො + aොற൯.  (1) 
The term ℏഘ
మ
σෝ୸ shows the Hamiltonian of a two level 
atom with σෝ୸ = |e⟩⟨e| − |g⟩⟨g| and ω as the atomic 
transient frequency. The ℏߥaොறaො describes a cavity 
mode by the frequency ߥ and ℏλσෝ୶൫aො + aොற൯ is the 
field-dipole interaction Hamiltonian.  
The annihilation operator in the Hamiltonian (1), may 
be replaced by, aො(t) = (೘ഌ
మℏ
)ଵ/ଶ(xො(t) + ೔
೘ഌ
݌̂(ݐ)), [39] 
in which the canonical position and momentum 
operators, ݔො(ݐ) and ݌̂(ݐ) = ̇ݔ෠(ݐ), are field quadrature 
operators, equivalent to the classical ݔ(t) and 
̇ݔ(t) = ݌(ݐ) functions appeared in the electric and 
magnetic fields satisfying the Maxwell’s equations. 
These operators are physical observables [3] 
satisfying the position-momentum commutation 
relation [ݔො(ݐ), ݌̂(ݐ)] = ݅ℏ. The result is 
H෡ୖ =
ℏഘ
మ
σෝ୸ +
భ
మ೘
݌̂ଶ(ݐ) + భ
మ
݉ߥଶݔොଶ(ݐ) + ℏ݇σෝ୶(ݐ)ݔො(ݐ).
         (2) 
In this paper, the Hamiltonian (2) describes a two 
level ion in a harmonic trap interacting with a laser 
field. The second and third terms define the kinetic 
and potential energies of the ion, respectively. The 
last term shows the ion’s electric dipole interacting 
with quantized laser field written in terms of the field 
quadrature operator ݔො(ݐ). In this way, ݇ =
λ(2݉ߥ/ℏ)ଵ/ଶ wherein λ = −(ℏߥ/߳଴V)ଵ/ଶsin	(݇ݖ) 
shows the atom-field interaction strength [4]. 
Applying the Heisenberg equation [4], 
ௗ୓෡
ௗ௧
=
௜
ℏ
[H෡,O෡],     (3) 
for the operators σෝ୶, σෝ୷, σෝ୸, ݔො and ݌̂ with the 
Hamiltonian (2), tends to following set of first order 
NDEs 
ௗ஢ෝ౮(௧)
ௗ௧
= −ωσෝ୷(ݐ),    (4) 
ௗ஢ෝ౯(௧)
ௗ௧
= ωσෝ୶(ݐ) − 2݇σෝ୸(ݐ)ݔො(ݐ),  (5) 
ௗ஢ෝ౰(௧)
ௗ௧
= 2݇σෝ୷(t)ݔො(ݐ),    (6) 
ௗ௫ො(௧)
ௗ௧
=
ଵ
௠
݌̂(ݐ),     (7) 
ௗ௣ො(୲)
ௗ௧
= −݉ߥଶݔො(t) − ℏ݇σෝ୶(ݐ).   (8) 
In the next section we try to solve the system of 
NDEs (4) to (8) by considering |݃, ߙ⟩ as the initial 
state of the system. 
3. Solution 
3.1. The Mean Field Theory 
In order to solve the systems of NDEs (4) to (8) all 
pertinent terms may be replaced by their expectation 
values. The nonlinear terms appeared in the NDEs (5) 
and (6) are in the form of ݔො(ݐ)ߪො௫ and ݔො(ݐ)ߪො௭ for 
which it is possible to use the quantum MFT [37] if 
we consider a well localized ion. The position 
operator may be written as ݔො = 〈ݔො〉 + ߜݔො which 〈ݔො〉 
shows the expectation value of the operator and ߜݔො 
holds for its fluctuations around the mean value. For 
a well localized atom, ߜݔො ≈ 0 and we can use 
ݔො ≈ 〈ݔො〉. In this way the product nonlinear terms 
including the operator ݔො may be considered as 
ݔොσෝ௜ = 〈ݔො〉σෝ௜ + (ݔො − 〈ݔො〉)(〈σෝ௜〉 + ߜσෝ௜) 
       ≈ 〈ݔො〉σෝ௜ + ݔො〈σෝ௜〉 − 〈ݔො〉〈σෝ௜〉.   (9) 
Calculating the expectation values of both sides of 
the equation (9) gives  
〈ݔොσෝ௜〉 ≈ 〈ݔො〉〈σෝ௜〉.    (10)  
Whilst we described the MFT for the position 
operator, it is equivalent to the field operator as both 
are proportional to ොܽ + ොܽற. Representing the 
expectation values of all operators as 〈 ෠ܱ〉 = ܱ, 
hereafter we can replace the expectation values of the 
NDEs by removing the hat sign from the operators. 
To convert the system of NDEs (4) to (8) to a higher 
order NDE, the equations (4) and (6) may be 
combined and integrated to obtain 
σ୸(ݐ) = −1 −
ଶ௞
ன
∫
ௗ஢౮(௧)
ௗ௧
x(t)
௧
଴ ݀ݐ.  (11) 
The constant value in the right hand side of (11) is 
the expectation value of the operator σෝ୸(ݐ) at ݐ = 0 
wherein the atom considered in the ground state, i.e. 
σ୸(0) = ⟨݃|σෝ୸(ݐ)|݃⟩ = −1. Using σ୷(ݐ) from (4) 
and σ୸(ݐ) given by (11), the equation (5) converts to  
ௗమ஢౮(௧)
ௗ௧మ
+ ωଶσ୶(ݐ) + 2݇λωݔ(ݐ) +
4݇ଶλଶݔ(ݐ) ∫
ௗ஢౮(௧)
ௗ௧
x(t)
௧
଴ ݀ݐ = 0.   (12) 
The equation (12) may be written in terms of the 
function ݔ(ݐ) and its derivatives. Toward this end, 
one can remove ݌(t) from the equations (7) and (8) 
to obtain the following result for σ୶(t). 
σ୶(t) = −
௞
ଶ஛௩
(
ௗమ௫(୲)
ௗ௧మ
+ ߥଶݔ(t))   (13) 
Using (13) and its derivatives, the equation (12) takes 
the form 
ௗర௫(୲)
ௗ௧ర
+ (߱ଶ + ߥଶ)
ௗమ௫(୲)
ௗ௧మ
+߱ଶߥଶݔ(ݐ) −
4λଶߥ߱ݔ(ݐ) + 4݇ଶݔ(ݐ)න ݔ(ݐ)
ௗయ௫(୲)
ௗ௧య
݀ݐ
௧
଴
+
4݇ଶߥଶݔ(ݐ)න ݔ(ݐ)
ௗ௫(୲)
ௗ௧
݀ݐ
௧
଴
= 0   (14) 
The integrals appeared in the equation (14), may be 
calculated as 
න ݔ(ݐ)
ௗయ୶(୲)
ௗ௧య
݀ݐ
௧
଴
= ݔ(ݐ)
ௗమ௫(୲)
ௗ௧మ
−
ଵ
ଶ
ቀௗ௫
(୲)
ௗ௧
ቁ
ଶ
+ ܥଵ, (15) 
න ݔ(ݐ)
ௗ௫(୲)
ௗ௧
݀ݐ
௧
଴
=
ଵ
ଶ
ݔଶ(ݐ) + ܥଶ,   (16) 
with the constants related to the initial conditions, as 
ܥଵ = −ݔ(0)ݔᇱᇱ(0) +
ଵ
ଶ
ݔᇱଶ(0),    (17) 
ܥଶ = −
ଵ
ଶ
ݔଶ(0).    (18) 
In this way, the NDE (14) takes the form 
ௗర௫(୲)
ௗ௧ర
+ ൫ߥଶ + ߱ଶ + 4݇ଶݔଶ(ݐ)൯
ௗమ௫(୲)
ௗ௧మ
+ (ߥଶ߱ଶ −
4ߣଶߥ߱ + 4݇ଶܥଵ + 4݇ଶߥଶܥଶ − 2݇ଶ(
ௗ௫(୲)
ௗ௧
)ଶ)ݔ(ݐ) +
2݇ଶߥଶݔଷ(ݐ) = 0.    (19) 
The equation (19) will be solved by the HBM in the 
next subsection. 
3.2. The HBM 
The HBM is a solution method of the differential 
equations ܨ(ݔ, ݔᇱ, ݔᇱᇱ , … , ݐ) = 0 in the frequency 
domain. Starting with the truncated Fourier’s series 
ݔே(ݐ) = ∑ [ܣଶ௡cos(݊ߗݐ) + ܤଶ௡ାଵݏ݅݊(݊ߗݐ)]
ே
௡ୀଵ  as 
the ܰth order harmonic balance ansatz, the HBM 
procedure tends to a system of algebraic equation 
including ܣ௡, ܤ௡ and ߗ. Occasionally in a variety of 
problems, ݔே(ݐ) gives reasonably accurate solutions. 
Besides linear problems, the HBM can be applied to 
determine both stable and unstable regions of the 
weak and strong nonlinear differential equations [40]. 
The HBM is applicable to autonomous and non-
autonomous problems, and can thus be used for free, 
self-excited and externally driven oscillations to 
calculate the steady-state response of nonlinear 
differential equations [41].  
As we intend to use the HBM to solve the NDE (19), 
it is indispensable to discuss the convergence of the 
method. At first, as the HBM is a truncated Fourier 
series method which convergence has proved [42], 
the solutions obtained by this method may reach to 
desired accuracy by choosing suitable truncated 
Fourier series. Besides, it has proved that when the 
exact solution of the problem is known to be analytic, 
the absolute error of the HBM decreases with an 
exponential rate [43]. 
The first order HBM solution of (19) starts by the 
ansatz 
 ݔଵ(ݐ) = ܣଵcos(ߗଵݐ) + ܤଵݏ݅݊(ߗଵݐ).  (20)  
Hereafter the function ݔ(ݐ) of the equation (19) will 
be indexed by the order of applied HBM. Tuning the 
initial condition to have 
ௗ௫భ(௧)
ௗ௧
= 0, results in ܤଵ = 0. 
Considering ݔො(ݐ = 0) =
ఒ
௞
(aො + aොற), its expectation 
value in the initial state |ߙ⟩ obtains as ݔଵ଴ =
〈ݔොଵ(0)〉 = ⟨ߙ|ݔො(t)|ߙ⟩ =
ଶఈఒ
௞
, in which ߙ is 
considered as a real parameter, without loss of 
generality. So ݔଵ(ݐ) =
ଶఈఒ
௞
cos(ߗଵݐ) from which we 
may determine the integration constants as ܥଵଵ =
ସఈమఒమఆభ
మ
௞మ
 and  ܥଵଶ = −
ଶఈమఒమ
௞మ
. Again the first indexes 
point to the order of HBM. In this way the equation 
(19) reduces to 
ௗర௫భ(୲)
ௗ௧ర
+ (߱ଶ + ߥଶ + 4݇ଶݔଵ
ଶ(ݐ))
ௗమ௫భ(୲)
ௗ௧మ
+ (߱ଶߥଶ −
4λଶߥ߱ + 16ߙଶߣଶߗଵ
ଶ − 8ߙଶߣଶߥଶ −
2݇ଶ(
ௗ௫భ(୲)
ௗ௧
)ଶ)ݔଵ(ݐ) + 2݇ଶߥଶݔଵ
ଷ(ݐ) = 0.  (21) 
Following to the first order HBM procedure [38], we 
set ݔଵ(ݐ) = ܣଵcos(ߗଵݐ) in (21) to obtain 
cos(ߗଵݐ) ቀߗଵ
ସ +
ଵ
ଶ
ܣଵ
ଶ݇ଶߗଵ
ଶ − ߥଶߗଵ
ଶ − ߱ଶߗଵ
ଶ −
4ߣଶߥ߱ + ߥଶ߱ଶ −
ଵ
ଶ
ܣଵ
ଶ݇ଶߥଶቁ +
ଵ
ଶ
cos(3ߗଵݐ) (ܣଵ
ଶ݇ଶߥଶ − ܣଵ
ଶ݇ଶߗଵ
ଶ) = 0,  (22) 
According to the first order HBM, neglecting the 
terms including cos(3ߗଵݐ) and equating the 
coefficient of cos(ߗଵݐ) to zero, we have 
ߗଵ
ସ + (
ଵ
ଶ
ܣଵ
ଶ݇ଶ − ߥଶ − ߱ଶ)ߗଵ
ଶ + ߥଶ߱ଶ − 4ߣଶߥ߱ −
ଵ
ଶ
ܣଵ
ଶ݇ଶߥଶ = 0.     (23) 
Defining  
ܯଵ =
ଵ
ଶ
ܣଶ݇ଶ − ߥଶ − ߱ଶ,   (24) 
ଵܰ = −4ߣଶߥ߱ + ߥଶ߱ଶ −
ଵ
ଶ
ଵ
ଶ
ܣଵ
ଶ݇ଶߥଶ,   (25) 
the equation (23) takes the form ߗଵ
ସ +ܯଵߗଵ
ଶ +
ଵܰ = 0 with the solution 
ߗଵ =
ଵ
√ଶ
(ඥܯଵ
ଶ − 4 ଵܰ −ܯଵ)
భ
మ,   (26) 
that is a real frequency for ଵܰ < 0. In this way the 
solution of (21) by the first order HBM, gives 
ݔଵ(ݐ) = ݔଵ଴cos	(
௧
√ଶ
(ඥܯଵ
ଶ − 4 ଵܰ −ܯଵ)
భ
మ). (27) 
Using (27), other unknown functions in the system of 
NDEs (4) to (8), may be calculated as 
ߪଵ௫(ݐ) = ߪଵ௫(0)ܿ݋ݏ(ߗଵݐ),          (28) 
ߪଵ௬(ݐ) =
ଵ
ఠఆభ
ߪଵ௫(0)ݏ݅݊(ߗଵݐ),   (29) 
σଵ୸(ݐ) =
ଶ௞௫భబ
னఆభ
మ ߪଵ௫(0)ݏ݅݊
ଶ(ߗଵݐ) − 1,  (30) 
݌ଵ(t) = −݉ݔଵ଴ߗଵݏ݅݊(ߗଵݐ),   (31) 
With ߪଵ௫(0) =
௠௫భబ
ℏ୩
(ߗଵ
ଶ − ߥଶ). Again, the first 
indexes in the left hand sides point to the first order 
HBM. 
Second order HBM starts with the ansatz 
ݔଶ(ݐ) = ܣଶ cos(ߗଶݐ) + ݖଶଵܣଶcos	(3ߗଶݐ). (32) 
Evaluating the integration constants from (17) and 
(18) according to (32) and following procedure 
applied to the first order HBM for the NDE (19), 
tends to the algebraic equations  
ߗଶ
ସ +ܯଶߗଶ
ଶ + ଶܰ = 0,    (33) 
ܽݖଶଵ
ଷ + ܾݖଶଵ
ଶ + ܿݖଶଵ + ݀ = 0,   (34) 
for the coefficients of cos(ߗଶݐ) and cos(3ߗଶݐ), with 
the definitions of ܯଶ and ଶܰ as 
ܯଶ = ܯଵ − 11ܣଶ
ଶ݇ଶݖଶ +
ହଷ
ଶ
ܣଶ
ଶ݇ଶݖ,  (35) 
ଶܰ = ଵܰ + ܣଶ
ଶ݇ଶߥଶݖଶ −
ହ
ଶ
ܣଶ
ଶ݇ଶߥଶݖ,   (36) 
and  
ܽ =
ଽ
ଶ
ܣଶ
ଶ݇ଶߗଶ
ଶ −
ଵ
ଶ
ܣଶ
ଶ݇ଶߥଶ,   (37) 
ܾ = 40ܣଶ
ଶ݇ଶߗଶ
ଶ − 4ܣଶ
ଶ݇ଶߥଶ,   (38) 
ܿ = ܣଶ
ଶ݇ଶߥଶ − 19ܣଶ
ଶ݇ଶߗଶ
ଶ − 4ߣଶߥ߱ + ߥଶ߱ଶ −
9ߥଶߗଶ
ଶ − 9߱ଶߗଶ
ଶ + 81ߗଶ
ସ,   (39) 
݀ =
ଵ
ଶ
ܣଶ
ଶ݇ଶߥଶ −
ଵ
ଶ
ܣଶ
ଶ݇ଶߗଶ
ଶ   (40) 
According to the initial conditions, ݔଶ(ݐ) given by 
(32) must be equal to 
ଶఈఒ
௞
 at ݐ = 0, so 
ଶఈఒ
௞
= ܣଶ(1 + ݖଶଵ).    (41) 
The equation (33), (34) and (41) may be solved as a 
coupled system of algebraic equations to obtain  
ܣଶ, ߗଶ and ݖଶଵ values. The definitions (34) and (35) 
show that the coefficients ܯଵ and ଵܰ are modified by 
a systematic trend in the second order HBM. The 
effects of these changes will be considered 
numerically besides the third order HBM.  
3.3. Numerical Results 
The numerical analysis of the Rabi model is 
performed up to the third order HBM for the typical 
numeric values, [10, 35], given as ߥ = 1, ߱ = 0.7ߥ,
ߣ = 0.8ߥ, ݇ = 2.7367 × 10ିଷ, ߣ = 7.7136 × 10ି଺, 
and ߙ = 1. The ion mass considered to be ݉ =
6.63 × 10ିଶ଺݇݃ for the calcium and the cavity 
volume chooses to be ܸ~10ିଽ݉ଷ as an intermediate 
typical value. The third order harmonic balance 
method starts by 
ݔଷ(ݐ) = ܣଷ cos(ߗଷݐ) + ݖଷଵܣଷ cos(3ߗଷݐ) +
ݖଷଶܣଷcos	(5ߗଷݐ),    (42) 
that converts to the second order ansatz when 
ݖଷଶ = 0 and shows the first order one when ݖଷଵ =
ݖଷଶ = 0. The integration constants ܥଵ and ܥଶ given 
by (17) and (18), will be changed according to the 
relevant ansatz for different orders of the HBM. 
Solution of the problem by third order HBM, means 
determining the parameters ܣଷ, ߗଷ , ݖଷଵ	and ݖଷଶ, in 
such a way that (42) coincides to the initial condition. 
The numerical results of the HBMs are given in the 
table 1.  
Table 1. Numerical results of the HBM of orders one, 
two and three. 
࢏  ࡭࢏
× 10ିଷ 
ࢹ࢏ 
ࢠ࢏૚
× 10ିଵଶ 
ࢠ࢏૛
× 10ିଶଷ 
1 5.637172 0.699999999681 0 0 
2 5.637154 0.699999999681 −4.54 0 
3 5.637154 0.699999999681 −4.54 −1.77 
According to the data given in the table 1, the second 
and third order harmonics don’t modify the frequency 
of the first harmonic. The relative amplitudes of the 
second to the first harmonics are of the order 10ିଽ 
for both second and third orders of the HBM. The 
relative amplitudes of third to the first harmonic in 
the third order HBM is of the negligible order, 10ିଶ଴.  
To consider the accuracy of the results over time, the 
left hand side of the equation (19) is defined as the 
error functions and plotted for the first and second 
order harmonic balance solutions in the figure 1.  
 
Figure 1. The error functions of the first (Top) and 
second (Down) order harmonic balance solutions.  
The right hand side of (19) equals to zero, so its left 
hand side must be equal to zero for an exact solution, 
ݔ(ݐ). In this way, we may consider its left hand side 
as error function and examine it for any solution. 
More accurate solution shows smaller deviation of 
this error function from zero. The figure 1 shows that 
the maximum deviation from zero is of the order 
10ିଵଷ for the solution of the first order HBM while 
by the second order, the maximum error value 
reaches to 10ିଵହ that is reduced by the order of 100 
relative the first order’s solution.  
The numerical solution of the equation (19), ݔ௡(ݐ), 
and third order harmonic balance solutions are 
compared through their difference over time as 
plotted in the figure 2.  
 
Figure 2. The difference of numerical solution  ݔ௡(ݐ), 
and third order harmonic balance solution of the 
NDE (19).  
The difference of the solutions is negligible for ݐ < 1 
but it is very large relative to amplitude of the error 
functions given in the figure 1, implying the HBM is 
more accurate than the numerical results. 
3.4. Effects of the RWA 
Applying the RWA, the Rabi Hamiltonian (1) in 
terms of the position and momentum operators takes 
the form  
H෡ ୎େ୑ =
ℏഘ
మ
σෝ୸ +
భ
మ೘
݌̂ଶ(ݐ) + భ
మ
݉ߥଶݔොଶ(ݐ) +
λ൫೘ഌℏ
మ
൯
భ
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known as the JCM. The Heisenberg equation (3) for 
the operators appeared in the H෡ ୎େ୑ gives their time 
evolutions as the following system of NDEs 
ௗ஢ෝ౮(௧)
ௗ௧
= −ωσෝ୷(ݐ) − ݏσෝ୸(ݐ)݌̂(ݐ),  (44) 
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in which we used σෝ±(t) =
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The system of NDEs (44) to (48), describe the Rabi 
model under the RWA. The nonlinear terms in the 
equations (44) to (46) included σෝ୧(t)ݔො(ݐ) and 
σෝ୧(t)݌̂(ݐ) factors for ݅ in the {ݔ, ݕ, ݖ}. As a well 
localized ion, like a trapped ion, may not have small 
momentum; the MFT is not applicable to both 
σෝ୧(t)ݔො(ݐ) and σෝ୧(t)݌̂(ݐ), simultaneously and so the 
system of equations (44) to (48) may not be solved as 
done for the Rabi model.   
4. Discussion 
The MFT has been commonly used to simplify the 
Dicke model [44] and Tavis-Cummings model [45] 
that are the multiparticle versions of the Rabi and 
JCM, respectively. In this context, the MFT is an 
approximation converting a many body to a single 
body system [46] in the thermodynamics limit for 
which the number of particles tends to infinity [47].  
The MFT as applied in this work is a different 
concept by which we rewrite the position operator in 
terms of the magnitude of fluctuations around its 
mean, as proved in the subsection 3.1. For small 
fluctuations, this concept of MFT can be viewed as 
the "zeroth-order" expansion of the operator in terms 
of spatial fluctuations around the mean value. This is 
studied as the dynamic MFT in the quantum field 
theory for the field operator.  
Michael Tavis and Frederick W. Cummings in their 
seminal paper [45] referred to [5], wherein the JCM 
has introduced, to explain the validity of their model 
in the low intensity field conditions and stated that 
the RWA breakdowns in the high density field. They 
explained that for the sufficiently weak fields, the 
counter-rotating terms violate the energy 
conservation law, when the first order perturbation 
method applies to solve the problem. According to 
the proportionality of the position and electric field 
operators, low field is equivalent to small region in 
which the ion may be observed as we considered 
obtaining the approximation given by (27). So the 
RWA is valid for both of the Dicke and Rabi models. 
However there are results showing the violation of 
the RWA in the many body systems. For instance, P. 
W. Milonni et al. found chaotic conditions in the 
Dicke model and show that revealing chaos breaks 
down by applying the RWA [48].   
Another problem arising from the RWA when applies 
to the Rabi model is that the expectation value of the 
linear equation (47) is explicitly inconsistent to the 
Ehrenfest’s theorem while for the Rabi model, 
ௗ௫(௧)
ௗ௧
=
ଵ
௠
݌(ݐ) obtains directly by calculating the 
expectation value of the equation (7). Inconsistency 
of the RWA to the Ehrenfest’s theorem has been 
reported through a different analysis for a charged 
particle irradiated by an external field through the 
solution of Langevein equation [26].  
5. Conclusions 
The MFT applied to convert the Rabi model to a 
system of NDEs for the expectation values of the 
operators In the Heisenberg picture. The model was 
reduced to a fourth order NDE for position 
expectation value as a function of time and solved by 
the HBM. The results are applicable to the Dicke 
model in similar conditions. Besides the acceptable 
results of first order HBM, the numerical analysis 
showed fast reduction of error function in the second 
order HBM. The HBM may be further considered as 
a useful and reliable method in the quantum 
dynamics analysis. 
In a similar procedure, the system of NDEs 
describing the JCM we reduced to a system of NDEs 
in which simultaneous existence of nonlinear product 
terms of Pauli matrixes to both position and 
momentum operators prevented the application of 
MFT for this model. Besides this inconsistency to the 
dynamics mean field theory, under the RWA, the 
equation describing time evolution of the position 
operator violated the Ehrenfest’s theorem, contrary to 
the Rabi model.  
References 
[1] I. I. Rabi, Space Quantization in a Gyrating 
Magnetic Field, Phys. Rev. 51, (1937) 652.  
[2] I. I. Rabi, N. F. Ramsey, and J. Schwinger, Use of 
Rotating Coordinates in Magnetic Resonance 
Problems, Rev. Mod. Phys. 26, (1954) 167. 
[3] Christopher Gerry, Peter Knight, Introductory 
Quantum Optics, CAMBRIDGE UNIVERSITY 
PRESS, United Kingdom (2011). 
[4] Barnett, S.M. and Radmore, P.M. Methods in 
Theoretical Quantum Optics. Clarendon Press, 
Oxford (1997). 
[5] E.T. Jaynes; F.W. Cummings. Comparison of 
quantum and semiclassical radiation theories with 
application to the beam maser". Proc. IEEE. 51 (1), 
(1963) 89–109. 
[6] Yimin Wang, Jing Yan Haw, Bridging the gap 
between the Jaynes–Cummings and Rabi models 
using an intermediate rotating wave approximation,  
Physics Letters A, 379, 8, ( 2015), 779-786 
[7] Christian Arenz, Cecilia Cormick, David Vitali 
and Giovanna Morigi, Generation of two-mode 
entangled states by quantum reservoir engineering, J. 
Phys. B: At. Mol. Opt. Phys. 46 (2013) 224001. 
[8] MS Everitt, ML Jones, BTH Varcoe, Dephasing 
of entangled atoms as an improved test of quantized 
space time, 
J. Phys. B: At. Mol. Opt. Phys. 46, (2013) 224003.  
[9] S Bougouffa, Z Ficek, Effect of retardation in the 
atom–field interaction on entanglement in a double 
Jaynes–Cummings system, J. Phys. B: At. Mol. Opt. 
Phys. 46 (2013) 224006  
[10] D. Leibfried, R. Blatt, C. Monroe, and D. 
Wineland, Quantum dynamics of single trapped ions, 
Rev. Mod. Phys. 75, (2003) 281.  
[11] J. I. Cirac, L. J. Garay, R. Blatt, A. S. Parkins, 
and P. Zoller,  Laser cooling of trapped ions: The 
influence of micromotion, Phys. Rev. A 49, (1994) 
421. 
[12] J. I. Cirac, R. Blatt,P. Zoller and W. D. Phillips, 
Laser cooling of trapped ions in a standing wave, 
Physical Review A 46, (1992) 5. 
[13] Lorenza Viola and Roberto Onofrio,  Measured 
quantum dynamics of a trapped ion, Phys. Rev. A 55, 
(1997) R3291(R). 
[14] V. E. Lembessis, Optical Stern-Gerlach effect 
beyond the rotating-wave approximation, Phys. Rev. 
A 78, (2008) 043423.  
[15] J. Larson, Absence of Vacuum Induced Berry 
Phases without the Rotating Wave Approximation in 
Cavity QED, Phys. Rev. Lett, 108, (2012) 033601.  
[16] D. M. Meekhof, C. Monroe, B. E. King, W. M. 
Itano, and D. J. Wineland, Generation of 
Nonclassical Motional States of a Trapped Atom,  
phys. Rev. lett. 76, (1996) 11. 
[17] Dario Ferraro, Michele Campisi, Gian Marcello 
Andolina, Vittorio Pellegrini, and Marco Polini, 
High-Power Collective Charging of a Solid-State 
Quantum Battery, Phys. Rev. Lett. 120, (2018) 
117702.  
[18] Xiao-Hang Cheng, Iñigo Arrazola, Julen S. 
Pedernales, Lucas Lamata, Xi Chen, and Enrique 
Solano, Nonlinear quantum Rabi model in trapped 
ions, Phys. Rev. A 97, (2018) 023624. 
[19] Ferdi Altintas, Ali Ü. C. Hardal, and Özgür E. 
Müstecaplıoğlu, Rabi model as a quantum coherent 
heat engine: From quantum biology to 
superconducting circuits, Phys. Rev. A 91, (2015) 
023816. 
[20] Christopher J. Wood, Troy W. Borneman, and 
David G. Cory, Cavity Cooling of an Ensemble Spin 
System, Phys. Rev. Lett. 112, (2014) 050501.  
[21] K. Kuruma, Y. Ota, M. Kakuda, S. Iwamoto, 
and Y. Arakawa, Time-resolved vacuum Rabi 
oscillations in a quantum-dot–nanocavity system,  
Phys. Rev. B 97, (2018) 235448.  
[22] S. Felicetti, G. Romero, E. Solano, and C. Sabín, 
Quantum Rabi model in a superfluid Bose-Einstein 
condensate, Phys. Rev. A 96, (2017) 033839. 
[23] M. P. Fewell, Adiabatic elimination, the 
rotating-wave approximation and two-photon 
transitions, Optics Communications, 253, 1–3,(2005) 
125-137. 
[24] Andreas Kurcz, Antonio Capolupo, Almut 
Beige, Emilio Del Giudice, Giuseppe Vitiello, 
Rotating wave approximation and entropy, Physics 
Letters A, 374, 36, (2010) 3726-3732. 
[25] Yasser A. Sharaby, Amitabh Joshi, Shoukry S. 
Hassan, Optical bistability without the rotating wave 
approximation, Physics Letters A, 374, 21, (2010) 
2188-2194. 
[26] G. W. Ford, R. F. O'Connell, Inconsistency of 
the rotating wave approximation with the Ehrenfest 
theorem, Physics Letters A, 215, 5–6, 10 (1996) 245-
246. 
[27] Bruce J. West, Katja Lindenberg, On the rotating 
wave approximation, Physics Letters A, 102, 4, 
(1984) 189-193. 
[28] Jun Xu, Shuai Yang, Xiang-ming Hu, M. Suhail 
Zubairy, Coherent control of spontaneous emission: 
Effect of counter-rotating terms, Physics Letters A, 
376, 4, (2012) 297-304. 
[29] R. F. Bishop, N. J. Davidson, R. M. Quick, D. 
M. van der Walt, Variational results for the Rabi 
Hamiltonian, Physics Letters A, 254, 3–4, (1999) 
215-224. 
[30] Igor Travěnec, Ladislav Šamaj,  Optimized t-
expansion method for the Rabi Hamiltonian, Physics 
Letters A, 375, 45, (2011) 4104-4108. 
[31] L. O. Castaños, A simple, analytic solution of 
the semiclassical Rabi model in the red-detuned 
regime, Physics Letters A, 383, 17 (2019) 1997-2003. 
[32] Andrzej J. Maciejewski, Maria Przybylska, 
Tomasz Stachowiak, Full spectrum of the Rabi 
model. Physics Letters A, 378, 1–2, 3 (2014) 16-20. 
[33] Murray T. Batchelor  and Huan-Qiang Zhou, 
Integrability versus exact solvability in the quantum 
Rabi and Dicke models, phys. Rev. A 91, (2015) 
053808. 
[34] N. M. Bogoliubov and P. P. Kulish, Exactly 
solvable models of quantum nonlinear optics, J. 
Math. Sci. 192, (2013) 14. 
[35] D. Braak, Integrability of the Rabi Model phys. 
Rev. lett. 107, (2011).100401.  
[36] Andrzej Maciejewski and Wojciech Szuminski, 
Non-integrability of the semiclassical Jaynes–
Cummings models without the rotating-wave 
approximation, Applied Mathematics Letters, 
82,  (2018) 132-139. 
[37] N. Goldenfeld, Lectures On Phase Transitions 
and The Renormalization Group, Addison-Wesley, 
(1992). 
[38] Mickens, Ronald E., Truly nonlinear 
oscillations: harmonic balance, parameter 
expansions, iteration, and averaging methods, World 
Scientific Publishing Co. Pte. Ltd, Singapore (2010), 
43-51. 
[39] D. F. Walls and G. J. Milburn,  Quantum optics, 
Springer-Verlag, Berlin Heidelberg, (2008). 
[40] Deuflhard, Peter, Newton Methods for 
Nonlinear Problems. Berlin: Springer-Verlag. Fourier 
collocation method. (2006) Section 7.3.3.. 
[41] Kapitaniak, Tomasz, Chaos for Engineers, 
Theory, Applications, and Control, Springer (2000). 
[42] Malte Krack and Johann Gross, Harmonic 
Balance for Nonlinear Vibration Problems, Springer 
Nature Switzerland AG (2019), 14-33. 
 
[43] E. Tadmor, The exponential accuracy of Fourier 
and Chebyshev differencing methods. SIAM J. 
Numer. Anal. 23(1), (1986), 1–10. 
[44] R. H. Dicke, Coherence in Spontaneous 
Radiation Pro- cesses, Phys. Rev. 93, 99 (1954). 
[45] MICHAEL TAVIS, FREDERICK W. 
CUMMINGS, Exact Solution for an N-Molecule-
Radiation-Field Hamiltonian, PHYSICAL REVIEW, 
170,  (1968).  
[46] Antoine Georges, Gabriel Kotliar, Werner 
Krauth and Marcelo J. Rozenberg, Dynamical mean-
field theory of strongly correlated fermion systems 
and the limit of infinite dimensions, Rev. Mod. Phys., 
68, 1, (1996), 13-125. 
[47] Jonas Larson and Elinor K Irish, Some remarks 
on ‘superradiant’ phase transitions in light-matter 
systems J. Phys. A: Math. Theor. 50, 174002 (2017), 
1-22  
[48] P. W. Milonni, J. R. Ackerhalt and H. W. 
Galbraith, Chaos in the Semiclassical TV-Atom 
Jaynes-Cummings Model: Failure of the Rotating-
Wave Approximation, PHYSICA L REVIE W 
LETTER S, 50, 13 (1983). 
 
